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Abstract 

In this paper, we compute the Lawson homology groups and DeUgne-Beihnson 
cohomology groups for Fulton-MacPherson configuration spaces. The explicit for- 
mulas are given. 
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1 Introduction 

In this paper, all varieties are defined over C Let X be an d-dimensional projective 
variety. Let 2p{X) be the space of algebraic p-cycles on X. 

The Chow group Ch.p{X) of p-cycles is defined by Zp{X) modulo the rational equiv- 
alence. For general background on Chow groups, the reader is referred to Fulton's book 

m 



1 



The Lawson homology LpHk{X) of p-cycles is defined by 

LpHk{X) := Tik^2p{Zp{X)) for A; > 2p > 0, 

where Zp{X) is provided with a natural topology (cf. [F], |Llj ). For general background 
on Lawson homology, the reader is referred to jL2j . 

It is convenient to extend the definition of Lawson homology by setting 

LpHk{X)=LoHk{X), if p<0. 

It was proved in [H] that, for any smooth projective variety X, the formula on Lawson 
homology for a blowup holds: 

Theorem 1.1 (0]) Let X be smooth projective variety and Y G X be a smooth sub- 
variety of codimension r > 2. Let a : Xy —>■ X be the blowup of X along Y, n : D := 
a~^{Y) —>■ Y the natural map, and i : D ^ Xy the exceptional divisor of the blowup. 
Then for integers p, k with k > 2p > 0, there is an isomorphism 

Ip,k ■ I 0l<j<r--l ^P-jHk-2jiY)^ © LpHk{X) = LpHkiXy). 

Now we give minimal notations for the Fulton-MacPherson configuration spaces enough 
for stating the main theorem (see section for a construction of the Fulton-MacPherson 
configuration spaces by a sequence of blowups.) 

Let X be a smooth projective variety of dimension d and let n > 1 be an integer. 
Consider the cartesian product X" := X x ■ ■ ■ x X of n copies of X. Denote by Aj the 
diagonal in X" where Xi = Xj if i,j G /. 

The configuration space F{X,n) is the complement of all diagonals in X"', i.e., 

F(X, = X" \ U|,|>2A, = {{xu...,Xn)eX'':Xi^ x„ Vz ^ j}. 

For each subset / G [n] := {1, . . . , n} with at least two elements, denote by BIa(X^) 
the blowup of the corresponding cartesian product X^ along its small diagonal. In |FuMj . 
Fulton and MacPherson have given the definition of their compactification X[n] as follows. 

Theorem 1.2 (Fulton-MacPherson) The closure of the natural locally closed embed- 
ding 

i : F(X, n) X" X JJ BIa{X^) 

is smooth, and the boundary is a simple normal crossing divisor. The closure is called the 
Fulton-MacPherson configuration space, denoted by X[n]. 
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We call two subsets I, J ^ [n] := {1,2,..., n} are overlapped if / fl J is a nonempty 
proper subset of / and of J. 

A nest 5 is a set of subsets of [n] such that any two elements I ^ J E S are not 
overlapped, and all singletons {1}, . . . , {n} are in S. Notice that the nest defined here, 
unlike the one defined in |FuMj . contains singletons. 

Given a nest 5, define S° = S \ {{!}, . . . , {'t-}}- In the description of nests by forests 
below, S° corresponds to the forest S cutting of all leaves. 

A nest S naturally corresponds to a not necessarily connected tree (which is also called 
a forest or a grove), each node of which is labeled by an element in S. For example, the 
following forest corresponds to a nest S = {1, 2, 3, 23, 123}. 



123 




Denote by c{S) the number of connected components of the forest, i.e., the number 
of maximal elements of S. Denote by cj{S) (or cj if no ambiguity arise) the number of 
maximal elements of the set {J G iS| J C /}, i.e. the number of sons of the node /. In the 
above example, c{S) = 1, C123 = C23 = 2. 

For a nest S 7^ {{1}, . . . , {n}} (i.e. 5° 7^ 0), define a set Ms of lattice points in the 
integer lattice Z*^ as follows 

Ms := = : 1 < /i/ < d{cj - 1) - l}. 

(Recall that d = dimX, c/ = cj{S)) and define ||/i|| := J2ies° l^i^ ^ ^s- 
For S = {{1}, . . . , {n}}, assume Ms = {/i} with =0. 

It was proved in [EI] that, for any smooth projective variety X the following holds: 

Theorem 1.3 (|Li|) Let X be a smooth projective variety defined over C. Then for each 
p > 0, there is an isomorphism of Chow groups: 

Ch,(XM) = 

where S runs through all nests of [n]. 

The first main result in this paper is the following 

Theorem 1.4 Let X be a smooth projective variety defined over C. Then for each pair 
of integers p,k, k > 2p > 0, there is an isomorphism of Laws on homology groups: 

L,H,iX[n]) = ^ V|y|iJ,._2||H|(^'^^^)- 

S MS Ms 

where S runs through all nests of [n]. 
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Remark 1.1 When p = 0, Theorem \1.4\ reduces to the formula of singular homology 
groups with integer coefficient for X[n]. In particular, the integer singular homology of 
X[n] depends only the integer singular homology of X . 

As a corollary, we have the following more explicit formula: 

Corollary 1.1 Let X he a smooth projective variety defined over C. Then for each pair 
of integers p, k, k > 2p > 0, there is an isomorphism of Lawson homology groups: 

L,H,{X[n])= L,.,Hk-2^{X"'r^—^ — ■ 

l<m<n 
0<i<p 

where N and ©f^^]"^ (^f^ defined in (OJ). 

Let X be a complex manifold of complex dimension d. Let Vl\ sheaf of holomorphic 
fc-form on X. The Deligne complex of level p is the complex of sheaves 

Zp(p) ■ Q ^ Z^^"^' n\ ^ Q}x ^ ^\ ^ > QF^^ 

The Deligne-Beilinson cohomology of X in level p we mean the hypercohomology of 
this complex: 

H*^{X,Z{p)) ■.= W{X,Z^{p)) 
For Deligne-Beilinson cohomology H^{—,Z{p)), we obtain the following result: 

Theorem 1.5 Let X be a smooth projective variety defined over C. Then for each pair 
of integers p, k, there is an isomorphism of Deligne-Beilinson cohomology groups: 

H'^{X[n],Z{p)) = 00 hI~'^^^\x<^\Z{p-M\)). 

S ii£Ms 

The main tools used to prove the main result are: The formula on the Lawson ho- 
mology for a blowup proved in [H] and the method in computing the Chow groups of the 
Fulton-MacPherson configuration space in [Lij . 

2 Some fundamental materials 

2.1 Lawson homology 

Recall that for a morphism f : U ^ V between projective varieties, there exist induced 
homomorphism /* : LpHk{U) — > LpHkiV) for all k > 2p >{]. Furthermore, it has been 
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shown by C. Peters |Pej that if U and V are smooth and projective, there are Gysin "wrong 
way" homomorphism /* : LpHk{V) Lp_cHk-2c{U), where c = dim(V^) — dim(f/). 

Let X be a smooth projective variety and iq : Y ^ X a, smooth subvariety of codi- 
mension r. Let a : Xy X he the blowup of X along Y, n : D = a~^{Y) Y the 
natural map, and i : D = a^^(Y) ^ Xy the exceptional divisor of the blowing up. Set 
U = X — Y = Xy — D. Denote by jo the inclusion U G X and j the inclusion U C Xy. 
Note that ir : D = a~^(Y) — > Y makes D into a projective bundle of rank r — 1, given 
precisely hj D = P{Ny/x) and we have (cf. |V2j . pg.271) 

Denote by h the class of (9p(Ary^_y)(— 1) in Pic(-D). We have h = — -D|d and —h = 1*1^, : 
LqHm{D) Lq_iH„,^2{D) ioT < 2q < Tu ([lEO], Theorem 2.4], [jPij, Lemma 11]). The 
last equality can be equivalently regarded as a Lefschetz operator 

-h = : LqHm{D) L,_,Hm-2{D), < 2q < m. 



The proof of the main result are based on the following Theorems: 

Theorem 2.1 (Lawson homology for a blowup) Let X be smooth projective mani- 
fold and Y G X be a smooth subvariety of codimension r. Let a : Xy ^ X be the blowup 
of X along Y , ir : D = a^^{Y) Y the natural map, and i : D = a~^{Y) Xy the 
exceptional divisor of the blowing up. Then for each p, k with k > 2p > 0, we have the 
following isomorphism 

h,k ■■ I Lp^,Hk-2jiY)] © LpHkiX) LpHkiXy) 

^ l<i<r-l 

given by 

Ip,k{ui, ■ ■ ■ ,Ur-l,u) 



r-l 

= i^{h^ ■ Tr*Uj) + a*u. 



2.2 The Fulton-MacPherson configuration spaces 

Fulton and MacPherson have constructed in |FuMj a compactification of the configu- 
ration space of n distinct labeled points in a non-singular algebraic variety X. It is related 
to several areas of mathematics. In their original paper, Fulton and MacPherson use it to 
construct a differential graded algebra which is a model for F{X,n) in the sense of Sul- 
livan |FuMj . Axelrod- Singer constructed the compactification in the setting of smooth 



manifolds. [n] is related to the Deligne-Mumford compactification Mo,n of the moduli 
space of nonsingular genus-0 projective curves. 
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Now we explain an explicit inductive construction of this compactification given in 
|FuM] . X[2] is the blowup of along the diagonal A12. X[3] is a sequence of blowups 
of X\2\ X X along non-singular subvarieties corresponding to {A123; A13, A23}. More 
specifically, denote by vr the blowup X[2] x X — > X^, we blow up first along 7r~^(Ai23), 
then along the strict transforms of A 13 and A23 (the two strict transforms are disjoint, 
so they can be blown up in any order). In general, X[?t, + 1] is a sequence of blowups of 
X[n] X X along smooth subvarieties corresponding to all diagonals A/ where |/| > 2 and 
(n + 1) e I. 

Later, a symmetric construction of X[n\ has been given by several people: De Concini 
and Procesi |DPj . MacPherson and Procesi |MPj . and Thurston jThj . To construct X[n] 
we can blow up along diagonals by the order of ascending dimension, which is different 
from the non-symmetric order of the original construction. For example, X[4] is the 
blowup of X^ along diagonals corresponding to: 



It is proved in [Lij that, for any smooth projective variety X the following holds: 

Theorem 2.2 (|Lip Let X he a smooth projective variety defined over C. Then for each 
p > 0, there is an isomorphism of Chow groups: 



where S runs through all nests of [n]. 

Notice that we use upper indices for the Chow groups in the above theorem. By 
changing variable /i/ to d{ci — 1) — /i/, we get exactly Theorem 11.31 appeared in the 
introduction. 

Remark 2.1 The above theorem proved in fZ^ holds for non-singular projective varieties 
X over any algebraic closed field. 

Equivalently, but more explicitly, the Chow groups X[n] of can be calculated by using 
exponential generating functions. Here we adopt R. Stanley's notation [a;*]F(a;) as the 
coefficient of in the power series which is generalized in an obvious way to the 

following situation Pt] : 



1234; 123, 124, 134, 234; 12, 13, ... , 34. 



Compare it with the order in |FuMj : 



12; 123; 13, 23; 1234; 124, 134, 234; 14, 24, 34. 



Ch^(XH) = 00 ChP-ll^ll(X'=('5)). 




(1) 
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Corollary 2.1 If hi{x) are polynomials whose exponential generating function N{x,t) 
'^hi{x)j^ satisfies the identity 

i>l *■ 

(1 - x)xH + (1 - x'^+^) = exp (x'^N) - x'^+^exp (N), 

then we have 



Ch,{X[n])= Ch,_,(X'")®[ 



n! J m! 



l<m<n 
0<i<p 



□ 



2.3 Deligne-Beilinson cohomology 

Let X be a complex manifold of complex dimension d. Let Qx ^^e sheaf of holomorphic 
/c-form on X. The Deligne complex of level p is the complex of sheaves 

Zp(p) -.o^z^^^' n^x^^x^^l-^ ' ^ 

The Deligne-Beilinson cohomology of X in level p we mean the hyper cohomology of 
this complex: 

HUX,Zip)):=M*iX,ZM) 
There is a multiplication of complexes 

u : Z(j9)x) ® Z(g)2) ^ Z(p + 

defined as follows 

X ■ y, if deg x = 

i'{x • y) = X A dy, if deg x > and deg y = q > 
0, otherwise 

This gives a product structure on the Deligne-Beilinson cohomology as follows 



U : H^X, Z{p)) ®^ Z(g)) ^ i/^+^'(X, Z(p + g)). (2) 

For details, the reader is referred to |EVj . 

Let X be an (i-dimensional compact Kahler manifold. The Hodge filtration 

■ ■ ■ C F^H^X, C) C F^'-^H^X, C) C . . . C F^H^X, C) = H^X, C) 



7 



is defined by 

FPH\X,C) = ®^>pH'^''-\X). 
We denote by the natural quotient map : H''{X, C) H^{X, C)/FpH''{X, C). 
It was proved (cf. Corollary 2.4; |VT], Proposition 12.26) that 

> H^-^{X,C)/F-PH^-^{XX) H!^iX,1{p))^H\X,Z) H^{XX)I FPH^{X,C) ^ ■• • (3) 

Now let X be an d-dimensional projective variety over C and Iq : Y ^ X & smooth 
subvariety of codimension r > 2. Let cr : Xy — X be the blowup of X along Y , 
71 : D = a~^(Y) Y the natural map, and i : D = a~^(Y) Xy the exceptional divisor 
of the blowup. Set U := X — Y = Xy — D. Denote by jo the inclusion U (Z X and j the 
inclusion U C Xy. Note that n : D = a~^{Y) — > Y makes D into a projective bundle of 
rank r — 1, given precisely hy D = P{Ny/x) and we have (cf. [ |V2j . pg. 271]) 

(9;f^(D)b = (9p(^,/,)(-l). 

Denote by h the class of Op(Ary^^)(— 1) under the first Chern class Ci : H^{D, O})) 
HUD,Z{1)) (cf. [|EVl,p. 88]). 

The following proposition was proved in |EVj . 

Proposition 2.1 ( |E V| . Prop. 8.5) The Deligne-Beilinson cohomology H^{D,1j{p)) of 
the projective bundle n : D —>■ Y is given by the following isomorphism: 

H^~'\Y,Zip-j))^HUD,Zip)) 

0<j<r~l 

Remark 2.2 We omit the cup product of elements in h!^~'^\Y, Z(p — j)) with hK 

Moreover, Barbieri-Viale proved the following blowup formula for Deligne-Beilinson 
cohomology: 

Theorem 2.3 (^vj)) Let X, F, Z), Xy, Y be as above. Then for each p, k with p > r > 
0, we have the following isomorphism 

Ip,k:{ H^~''{Y,Z{p-j))\(BHUX,Z{p))^HUXy,Z{p)). (4) 

Remark 2.3 Barbieri-Viale proved a general result, including the blowup formula for 
Stale cohomology, to Theorem \2.c\ 
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3 Lawson homology for Fulton-MacPherson configu- 
ration spaces 

In this section, we give a proof of Theorem 11.41 According to the construction, the 
Fulton-MacPherson configuration space X[n\ is obtained by a sequence of blowups along 
all diagonals A/ in a suitable order. Each of them is a blowup of a smooth projective 
variety along a smooth projective subvariety. Therefore, we can calculate the Lawson ho- 
mology groups of X[n] by successively applying the blowup formula for Lawson homology 
(Theorem Ell). 

We have the following 

Theorem 3.1 Let X he a smooth projective variety defined over C. Then for each pair 
of integers p,k, k > 2p > 0, there is an isomorphism of Lawson homology groups: 

LMX[n]) = ^ 
s t^eMs 

Proof. This follows essentially from the construction of the Fulton-MacPherson con- 
figuration space X[n] and the blowup formula for Lawson homology groups. The detailed 
computation for explicit formulas will be given in the corollary below. 

□ 

More explicitly, we have the following 

Corollary 3.1 Let X be a smooth projective variety defined over C. Then for each pair 
of integers p,k, k > 2p > 0, there is an isomorphism of Lawson homology groups: 

l<in<n 
0<i<p 

where N and ®[^^]^^ o,f^ the same as those in Corollary 2.1. 
Proof. Let hn{x) be the polynomial 

c{S)=l 

Given a fixed nest S with n leaves and c{S) = 1, its contribution to hn{x) is the 
product of (Jcj-i, where I goes through all non-leaves of S (if S has no non-leaves, i.e., 
it contains only singletons, then the contribution is 1). Therefore we have the following 
recurrence formula 

partition of [n] 



9 



where ak = Xli=7 ^* k > 0, and ao = 0. 

By the Compositional Formula of exponential generating functions (cf. [Hi|, Theorem 
5.1.4), the generating function N{t) := J2i>i ^«IT satisfies the identity 

N -t+l = Eg{N), 

where Eg{N) = 1 + Ei>o ^^-i^'- 

Since (Tj = (x-'"' — a;)/(a; — 1), calculation shows 

Eg{N) = 1+N + [^(e^'^-i - 1) - xe^ + xl . 

X — 1 x'^ 

Put it in the above identity, we have 

(1 - x)x'^t + (1 - x'^+^) = exp (x'^A^) - x'^+^exp (N). 

For a partition 11 = {/i,...,/^} of [n], the number of times of h{Au){i) appear in 
the decomposition of h{X[n]) is equal to [x'^](/i|/j|(x).../i|/j,|(x)). Add up this number for 
all partitions with k blocks, we will get the number of times of h{X^){i) appear in the 
decomposition, denoted by ak^i- 

Denote 

Fn{y) = h\i^h\i^...h\i^y^. 

...,!}:} partition of [n] 

Then the coefficient [y^]Fn{ii) = J2'^k,iX^- Use the Compositional Formula again, 

F„ = [^]exp (yN). 

Therefore 

= S][/]exp {yN) 
— 

Now the results follow from Theorem 13.11 

□ 

Similarly, we compute the Deligne-Beilinson cohomology for Fulton-MacPherson con- 
figuration spaces. 

Theorem 3.2 Let X be a smooth projective variety defined over C. Then for each pair 
of integers p, k, there is an isomorphism of Deligne-Beilinson cohomology groups: 

Hl{X[nlZ{p)) = 00 hI~'^^^\x<^\Z{p-M\)). 
s lie Ms 
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Proof. The method of the proof is the same as that in Theorem 13. 1[ We get the 
result by using the explicit construction of Fulton-MacPherson configuration spaces and 
Theorem ESI □ 



Remark 3.1 By using the same method, we can compute the etale cohomology for Fulton- 
MacPherson configuration spaces. 



Remark 3.2 The decomposition of Lawson homology fTheorem VJ. 1]) and Deligne - Beilin- 
son cohomology (Theorem \3. ^) of the Fulton-MacPherson configuration spaces can be 
generalized without any difficulty to the wonderful compactifications of arrangements of 
subvarieties, since the latter compactifications can also be constructed by a sequence of 
blowups along smooth centers (for definition and construction of these compactifications, 
see JL^)- 



4 Examples 

1. The Lawson homology group of X[2]. 

The morphism vr : X[2] X"^ is a blowup along the diagonal A12. Corollary 13.11 

asserts 

d-i 

LpHk{X[2]) = LpHkiX^) © V,/Jfc_2,(X). 

i=i 

2. The Lawson homology group of X[3]. 

Note that X[3] is the blowup of X^ first along small diagonal A123, then along three 
disjoint proper transforms of diagonals A12, A13 and A23. 

Apply again Corollary 13.11 we haye 

LpHk{X[3]) ^ LpHkiX"^) © (V,Ffc_2,(X2))®=^ 

i=i 

2d-l 

© {L,.,H,_,,{X)f"''''^''-''"'-''-'^ 
i=i 
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